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In this lecture we review some of the basic properties of
neutrinos, in particular their mass and the oscillation behav-
ior. First we discuss how to describe the neutrino mass. Then,
under the assumption that neutrinos are massive and mixed,
the fundamentals of the neutrino oscillations are discussed
with emphasis on subtle aspects which have been overlooked
in the past. We then review the terrestrial neutrino oscil-
lation experiments in the framework of three generations of
neutrinos with the standard mass hierarchy. Finally, a brief
summary of the current status of the solar and atmospheric
neutrino problems will be given.
I. INTRODUCTION
Neutrinos are still the least known particles among the
well-established fundamental fermions in the Universe.
The most important property of the neutrinos is whether
or not neutrinos are massive. If they turn out to be mass-
less, one must understand the reason why they are mass-
less. The masslessness of the photon is guaranteed by
the local U(1)em gauge invariance. Because of the lack
of such a symmetry and in light of the natural occur-
rence of the massiveness of neutrinos when we extend the
standard model of strong and electroweak interactions to
accommodate several problems in the model, it is very
tempting to assume that neutrinos are indeed massive,
although no theory can predict with any certainty the
values of neutrino masses. In this lecture, we begin with
a brief summary of the current status of many efforts to
find the neutrino mass and how to describe the mass [1]
[2] [3].
The direct mass measurements based on the decay
kinematics of 3H, pi and τ have steadily been improv-
ing but it now appears that we have reached the end of
the road on this efforts unless a new generation of the
techniques is forthcoming. The current limits are
m(νe) <∼ 4.5 eV (1)
m(νµ) <∼ 160 KeV
m(ντ ) <∼ 24 MeV.
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It is interesting to remark that in the cases of both m(νe)
and m(νµ), all the experimental analyses have consis-
tently yielded negaive m2, which shows that some sys-
tematics in experiments are still not properly understood.
On the other hand we have very interesting limits from
cosmology. Requiring that neutrinos cannot over-close
the Universe, we have∑
i
mi <∼ (20 ∼ 30)eV, (2)
where the uncertainty is due to that of the Hubble con-
stant. The above limit applies only when neutrinos are
stable or much longer lived than the age of the Universe.
The recent COBE data and other astronomical observa-
tions provide us with an intriguing possibility that the
heaviest neutrino mass might be of oder of 1 ∼ 10 eV. A
neutrino or neutrinos of this mass range can explain the
small scale region of the power spectrum in the form of
hot dark matter. Currently, however, the most promis-
ing way to probe the neutrino mass is considered to be
the neutrino oscillation experiments. The source can be
either terrestrial or extraterrestrial.
Indications of massive neutrinos from the oscillation
experiments with reactors and accelerators have not been
found for many decades with an exception of the re-
cent LSND experiment [4]. We will critically analyze
all the reactor and accelerator oscillation experiments
using three generations of neutrinos with the standard
mass hierarchy. We show that in contrast to the simple
two generation analysis, the LSND allowed region lies in
the forbidden region of all the previous terrestrial oscil-
lation experiments, when the previous data are analyzed
in the framework of three generations of neutrinos with
the standard mass hierarchy. Also discussed are implica-
tions of the three generation analysis of neutrinoless β β
decay. Finally, we will briefly review the present status
of the solar and atmospheric neutrino problems.
II. NEUTRINO MASS
In the past, there have appeared numerous papers on
the theory of neutrino mass. For recent references, see,
for example, [1], [2] and [3]. None of theories, however,
is satisfactory though each theory has its own merit. Ba-
sically, there are two ways to generate neutrinos masses.
First, one modifies the Higgs sector in the standard
1
model. For example, an additional singlet, doublet or
triplet with or without right-handed neutrinos is added to
the original Higgs doublet in the standard model. In this
case, however, one is forced to introduce a new mass scale
in the form of the vacuum expectation value. This, how-
ever, is not an explanation of the small neutrino mass.
The other possibility is to utilize extremely heavy right-
handed neutrinos which appear in models such as left-
right symmetry models or GUTS. In the following we
list several ways to describe the neutrinos mass [1] [5],
eventually leading to detailed discussions of the second
possibility.
1. Dirac Mass. The simplest way to describe the
mass is, of course, to introduce the right– handed
neutrinos although they have not been seen so far,
at least in the energy region accessible to us now.
The mass term in the Lagrangian is
LDirac = −(νLMνR + νRM†νL), (3)
where νL,R is given by
νL,R =

 νeνµ
ντ


L,R
. (4)
In general,M is a 3× 3 complex mass matrix, and
hence there is no guarantee that mass eigenvalues
are positive. One needs to bi-diagonalize M using
two unitary matrices U and V :
U †MV = mD =

 m1 0 00 m2 0
0 0 m3

 , (5)
where U and V relate the mass eigenstates ν
(m)
L
and weak eigenstates νL as
νL = Uν
(m)
L (6)
νR = V ν
(m)
R .
The diagonalized mass Lagrangian is
LDirac = −ν(m)L mDν(m)R + h.c.. (7)
Physically, of course, since only νL is involved in
weak interactions, the U is the Cabibbo, Kobayashi
and Maskawa mixing matrix. In this case, the basic
questions to be answered would be where νR is and
why mi are so small.
2. Majorana Mass. The Majorana neutrino mass
can be described by the use of νL alone:
LMajorana = −1
2
νCLMνL + h.c., (8)
where we note that νCL is a right-handed neutrino.
Since
νCLMνL = νCLMTνL, (9)
we haveM =MT, i.e. M is symmetric and diag-
onalization can be done by a single unitary matrix
U in this case. Again, with
νL = Uν
(m)
L , (10)
Eq.(8) becomes
LMajorana = −1
2
[νCLmDνL + νLmDν
C
L ]. (11)
Defining
νMaj ≡ νL + νCL , (12)
which is clearly Majorana neutrino, we can rewrite
LMajorana = −1
2
νMajmDνMaj . (13)
Although the expression of Eq.(13) looks similar
to that of Eq.(7), there is a fundamental difference
between them. In Eq.(13), the lepton number is
violated by two units.
3. Dirac–Majorana Mass. First, let us consider the
one generation case. The Lagrangian of interest is
LD−M = −Mν¯LνR − 1
2
(
mLν¯
C
L νL +mRν¯
C
L νR
)
+ h.c. ,
(14)
whereM is Dirac mass and mL(mR) are Majorana
masses. If we define a left–handed neutrino state ν
as
ν ≡
(
νL
νCR
)
, (15)
the Dirac–Majorana Lagrangian looks like that of
Majorana :
LD−M = −1
2
ν¯CMν + h.c. , (16)
where the mass matrix M is
M =
(
mL M
M mR
)
. (17)
It is to be noted that the state ν is not a mass
eigenstate. DiagonalizingM yields
2
m1 =
1
2
√
4M2 + (mR −mL)2 − mL +mR
2
(18)
m2 =
1
2
√
4M2 + (mR −mL)2 + mL +mR
2
.
Now, the mass eigenstate ν(m) can be defined as
ν(m) =
(
ν1
ν2
)
= Uν (19)
=
(
cos θνL − sin θνCR
sin θνL + cos θνCR
)
,
where the mixing angle is given by tan 2θ =
2M/(mR −mL).
Now let us consider two interesting cases.
(a) Case with M ≫ mL,mR. In this case m1 and
m2 are almost degenerate in mass ( Eq.(18)
implies m1 ≃ m2 ≃M) and we have θ ≃ 45o.
This case is called special (because θ ≃ 45o)
pseudo–Dirac neutrino [6]. In this case, ν1 and
ν2 have opposite CP phase. And we have half
active νL and half sterile ν
C
R .
(b) Case with mR ≫ M,mL. For simplicity, we
assume mL = 0. Then, we have
m1 ≃ M
2
mR
(20)
m2 ≃ mR ,
implying that m1 is naturally small and m2
is large. Since θ ≃ 0, νL and νCR are prac-
tically decoupled. This is the seesaw mecha-
nism [7]. Note thatM has the standard model
mass scale whereas mR is the mass scale of
the right – handed neutrino associated with
models such as L–R symmetry, SO(10), E6, . . .
models.
4. Seesaw Mechanism. In order to apply the seesaw
mechanism to practical cases, let us generalize the
above to the three generation case by writing
m1 =
m2D
MR
→ m1 = mD 1
M
mTD , (21)
where all barred objects are 3 × 3 matrices and
as before we assume |(mD)ij | ≪ |M ij |. Now the
matrix analogous to Eq.(17) is a 6× 6 mass matrix
M given by
M =
(
0 mD
mD MR
)
. (22)
At this point we can consider two possible cases:
1). There is no mass hierarchy among the right–
handed neutrinos, i.e.
MR ≃MR

 1 0 00 1 0
0 0 1

 , (23)
implying
m(ν1) : m(ν2) : m(ν3) =
m2u
MR
:
m2c
MR
:
m2t
MR
. (24)
This is called the quadratic seesaw mechanism.
2). The next possibility is the case where the right–
handed neutrinos have the mass hierarchy similar
to that of the known ”top” quarks, i.e.
M ≃MR

 mum 0 00 mc
m
0
0 0 mt
m

 . (25)
In this case we have
m(ν1) : m(ν2) : m(ν3) =
mu
MR
:
mc
MR
:
mt
MR
. (26)
which is called the linear seesaw mechanism.
The above relations as given by Eqs.(24) and (25)
are valid at the GUTS scales which means one
has to bring them down to the low energy region
of our interest using the Renormalization Group
Equations (RGE). Considering only the running of
the mass in one–loop calculations, for example ,
Eq.(24) is modified as [8]
m(ν1) : m(ν2) : m(ν3) (27)
=


0.05
m2u
MR
: 0.09
m2c
MR
: 0.38
m2t
MR
SUSY SU(5)
0.05
m2u
MR
: 0.07
m2c
MR
: 0.18
m2t
MR
SO(10).
As we can see above, the corrections due to the
RGE depend on the models of choice. In the seesaw
mechanism, the actual size of neutrino masses will
be determined by the mass scale forMR. In GUTS
such as SUSY SU(5), we have
MR(mass of νR) ∼ hVGUT ∼
(
h
g
)
MX , (28)
MX ∼ gVGUT ,
whereas for the SO(10) model, we have
MX ∼
(
h
g
)
ML−R. (29)
In the above, h, VGUT , and g are, respectively, the
Yukawa coupling, GUTS vacuum expectation value
and the gauge coupling constant. It is generally
expected that the mass scale of MR is 10
10 GeV
<∼MR <∼ 1015 GeV , naturally explaining the small-
ness of the neutrino mass.
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III. NEUTRINO OSCILLATIONS
If neutrinos are massive and mixed, neutrinos are pro-
duced and detected in the form of the weak eigenstates
whereas when they propagate from the point of the pro-
duction to their detection, their motion is dictated by the
mass eigenstates. This leads to the phenomenon of neu-
trino oscillations [9]. For neutrino oscillations to ocurr,
neutrinos must be massive and mixed. The weak eigen-
states and mass eigenstates are related by a unitary ma-
trix U as
νW = UνM , (30)
where U is parameterized by, in the case of the two gen-
erations of neutrinos,
U =
(
cos θ sin θ
− sin θ cos θ
)
. (31)
In the above it was assumed that neutrinos are Dirac.
For Majorana neutrinos, a CP phase may appear. The
equation of motion for the mass eigenstate is
iν˙M = HνM =
(
E1 0
0 E2
)
νM ; νM =
(
ν1
ν2
)
. (32)
Since neutrinos are expected to be extremely relativistic,
using the following approximation
Ei =
√
p2 +m2i ≃ p+
m2i
2p
: p ≃ E , (33)
we have from Eq.(32)
iν˙M =
[
E · 1 + 1
2E
(
m21 0
0 m22
)]
νM . (34)
Replacing νM → eiαtνM , the above equation becomes
iν˙M = (E + α)νM +
1
2E
MMνM , (35)
where MM = diag(m21,m22). Taking α = −E, we have
the equation of motion for νM as
iν˙M =
1
2E
MMνM . (36)
Now, using νM = U
†(θ)νW (Eq.(30)), the equation of
motion for weak eigenstates can be derived as
iν˙M =
1
2E
U(θ)MMU(θ)†νW , (37)
where
MW ≡ U(θ)MMU(θ)† (38)
=
(
m21 cos
2 θ +m22 sin
2 θ ∆2 sin 2θ
∆
2 sin 2θ m
2
2 cos
2 θ +m21 sin
2 θ
)
.
In Eq.(38),
∆ ≡ m22 −m21 (39)
〈m(νe)2〉 ≡ m21 cos2 θ +m22 sin2 θ
〈m(νµ)2〉 ≡ m22 cos2 θ +m21 sin2 θ.
By solving the above differential equation, one can easily
obtain the well–known oscillation probability for the two
generation case. For example,
P (νµ → νe) = sin2(2θ) sin2(∆L/4Eν). (40)
A similar treatment for the three generation case can be
trivially performed but it is not very informative. Since
we shall discuss three generation cases below, we close
this section with the case of two generations.
IV. WAVE PACKET EFFECT
The above treatment of the neutrino oscillations as-
sumes explicitly that the neutrinos that are produced via
weak interactions are described by plane waves. However,
in practice since neutrino–emitting particles are never in
a free stable state, neutrinos cannot be described by plane
waves. Rather, they must be described by wave pack-
ets, due to pressure broadening or collisions of neutrino–
emitting particles [10]. Therefore, the size of wave packet
σx is given by dimension of the region within which pro-
duction processes are effectively localized
σx ∼ mean free path (l)
mean thermal velocity(v)
(41)
∼ T
3
2
N
,
where we have used
l ∼ T
2
N
(42)
v ∼ T 12 .
It is easy to see that σx → ∞ as l → ∞ and v → 0, re-
covering the case of plane waves. Let us consider several
examples in order to see how large or small the size of σx
is.
1. Solar Core. For neutrinos emitted from the pro-
cess 8B →8 Be∗+e++νe, we have typically T ∼ 1.3
KeV and ρ ∼ 120g/cm3, implying σx ∼ 10−7cm.
For neutrinos emitted from the process p + p →2
H + e+ + νe, one has typically T ∼ 1.1 KeV and
ρ ∼ 100g/cm3, leading to σx ∼ 5× 10−7cm.
2. Nuclear Reactor. In the case of neutrinos from
nuclear reactors, we have v ∼ PN/MN ∼ 10−5,
N ∼ 1023/cm3 and lN ∼ 10−7cm, leading to σx ∼
10−4cm.
4
3. Accelerator/Atmospheric Neutrinos. Since
they are decay–products of pi, or µ, σx is charac-
terized by the typical weak interaction length, tW ,
so that σx ∼ ctW >∼ 102cm.
4. Supernova Neutrinos. Neutrinos from the core
with T ∼ 10 MeV and ρ ∼ 1014g/cm3 have σx ∼
10−13cm. Neutrinos from the neutrino sphere with
T ∼ 1 MeV and ρ ∼ 100g/cm3 have σx ∼ 10−9cm.
What do wave packets do to neutrino oscillations? Re-
calling that a plane wave is described by |ψa(x, t) >=
eipx−Eat|νa > with Ea =
√
p2 +m2a ≃ p +m2a/2p, and
using the wave packet in the momentum space
ψa(p) = (
1√
2piσp
)
1
2 e
−
(p−pa)
2
4σ2p , (43)
the wave packet in the space is described by, with σpσx ∼
1,
|ψa(x, t) >=
(
1√
2piσp
) 1
2
e
ipx−Eat−
(x−vat)
4σ2x |νa > . (44)
By using this wave packet in a way similar to the standard
treatment of neutrino oscillations, instead of the usual
expression for the plane wave,
P (νe → νµ) ∼
∑
a,b
UνµaU
∗
νebU
∗
νµb
Ueb e
i 2piL
Losc
a,b , (45)
one finds, for wave packets [10],
P (νe → νµ) ∼
∑
a,b
UνµaU
∗
νebU
∗
νµb
Ueb e
i 2piL
Losc
a,b e
− L
Lcoh
a,b , (46)
where
Losca,b ≡
4piE
m2a −m2b
(47)
is the oscillation length and
Lcoha,b ≡ 4
√
2E2
σx
m2a −m2b
(48)
is the coherence length beyond which neutrinos do not
oscillate in contrast to the case of plane waves. There-
fore, the wave packets effects introduce , as can be seen
above, an exponentially damping factor which is present
only when a 6= b, implying that the oscillating term would
eventually disappear beyond the coherence length. Typi-
cal coherence lengths based on the above mentioned sizes
of σx are:
1. Solar Neutrinos: Lcoh ∼ 108cm.
2. Reactor Neutrinos: Lcoh ∼ 109cm.
3. Accelerator Neutrinos: Lcoh ∼ 1021cm.
4. Supernova Neutrinos: Lcoh ∼ 100cm.
The above numbers are based on typical values of Eν
and ∆m2 ∼ 1eV2 in their respective cases. Therefore,
in the usual reactor and accelerator experiments, unless
∆m2 turn out to be unexpectedly large the oscillation
lengths are long enough so that one can indeed observe
oscillations. Note, however, that in the case of supernova
neutrinos, the coherence length is so short that neutri-
nos from supernova do not oscillate on the way to the
Earth. This, however, does not mean that there occur
no flavor changes among three generations of neutrinos.
They simply do not have oscillating terms in the transi-
tion probability.
V. WEAK AND MASS EIGENSTATES
The question we like to ask in this Section is whether
or not the weak eigenstates make sense. In the standard
treatment of neutrino oscillations, one always uses the
weak eigenstates to discuss oscillations in vacuum and in
matter. But, here we will show that strictly speaking, the
weak eigenstates do not make sense, although the weak
eigen fields are well-defined [11]. In order to illustrate
the point, let us consider the detection of νe via νe+n→
p+ e−. The amplitude of interest is
GF√
2
〈 e−, p|e¯γµ(1− γ5)νeJ (h)µ (mi)|να, n〉 (49)
=
∑
i
UeiU
∗
αi
[
〈e−|e¯γµ(1− γ5)νi|νi〉h(i)µ (n, p)
]
,
where the equality was obtained by using
νe =
∑
i
Ueiνi (50)
|να〉 =
∑
i
Uαi
∗|νi〉.
The crucial observation here is that we deliberately set
να instead of νe. We do know from the definition of
the amplitude on the left-hand side that it is zero unless
α = e. However, the right hand side of Eq.(48) is not
necessarily zero even if α = e is satisfied, since unless the
quantity in the square bracket is factored out from the
sum, we do not have the orthonomality∑
i
UeiU
∗
αi = δαe. (51)
The factorization is possible only when neutrinos are
relativistic and the hadron part is not affected by the
presence of the neutrino mass. This simple observation
clearly indicates that unless neutrinos turn out to be al-
ways relativistic, a caution is needed when one uses the
concept of the weak eigenstates. In fact, it has been
shown that the Fock space of the weak eigenstates |να〉
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does not exist [11]. The Fock space can be shown to ex-
ist only in the limit of the relativistic neutrinos. Hence,
only if and when neutrinos are non-relativistic, one is
allowed to calculate the standard oscillation probability
without using the concept of the weak eigenstates. A rig-
orous calculation without resort to the weak eigenstates
has already carried out [12]. One can demonstrate that a
specific production and detection process of certain weak
eigenstate neutrinos can be expressed simply by using
the mass eigenstates, and only in the extreme relativistic
case, the well–known transition probability can be fac-
tored out from the expression.
VI. TERRESTRIAL NEUTRINO OSCILLATIONS
In this Section, we will review the latest data on the
reactor and accelerator oscillation experiments in the
framework in which the three masses, m1, m2 and m3
of the mass eigenstates ν1, ν2 and ν3 are ordered in such
a way as suggested by the most popular mechanism that
can explain the smallness of the neutrino mass, i.e. see-
saw mechanism [7],
m1 ≪ m2 ≪ m3. (52)
An additional assumption is that the the solar neutrino
problem is real and the deficit is at least 10 percent or
more of the standard solar model prediction. The details
on the deficits of the four current experiments are not
important for our argument. In any case we need to
assume
∆m221 <∼ 10−3 eV2. (53)
Of course we are also assuming the standard mixing de-
noted by the unitary transformation
να =
3∑
i=1
Uαiνi, (54)
where α = e, ν, and τ and νi is a mass eigenfield with
mass mi. (The arguments presented here are based on
the two papers [13] and [14].) The environment of the
terrestrial oscillation experiments is summarized by the
following ranges of the distances (L) between the source
and the detector and the neutrino energies(Eν)
L ≃ 10m ∼ 1Km, (55)
Eν ≃ 1MeV ∼ 10GeV.
Because of the assumption of the mass hierarchy as as-
sumed in Eq.(52), we have two independent values of
∆m2, i.e. ∆m221 and ∆m
2
31. For the terrestrial neutrino
oscillations, we can see with Eq.(40) that
sin2(
∆m221L
4Eν
) ≃ 0, (56)
which implies that there remains only one mass scale in
the scheme, i.e. ∆m231 ≡ ∆m2.
Under these assumptions, the transition probability for
the oscillation να → νβ is given by
P (να → νβ) = (57)∣∣∣∣Uβ1Uα1 + Uβ2Uα2 + Uβ3Uα3 exp{−i∆m231L2E }
∣∣∣∣
2
.
Note that there appears only one oscillation term in
Eq.(57). From Eq.(57), we have ,for example,
P (νµ → νe) = A(νµ → νe)sin2(∆m
2
31L
4Eν
), (58)
P (νµ → ντ ) = A(νµ → ντ )sin2(∆m
2
31L
4Eν
),
where the oscillation factors A’s are given by
A(νµ → νe) = 4|Uµ3|2|Ue3|2, (59)
A(νµ → ντ ) = 4|Uµ3|2|Uτ3|2 = 4|Uµ3|2(1− |Ue3|2 − |Uµ3|2).
It is to be emphasized here that in their appearance,
the oscillation probabilities given in Eq.(58) take the
same form as the two generation case. In fact, the two
generation cases are reproduced when A(νµ → νe) and
A(νµ → ντ ) are replaced by sin2(2θeµ) and sin2(2θµτ ), re-
spectively. However, physical implications are quite dif-
ferent. Namely, in the case of two generations the two
probabilities have nothing to do with each other and are
not related in any way. But, in the three generation case,
two probabilities are inter-related since both are deter-
mined by the same |Uµ3|2 and |Ue3|2.
Similarly, the survival probabilities P (να → να) are
given by
P (να → να) = 1−B(να → να)sin2(∆m
2
4E
), (60)
where the oscillation factor B(να → να) is given by
B(να → να) = 4|Uα3|2(1− |U2α3|2). (61)
Therefore, all the oscillation probabilities are completely
determined by the three parameters
∆m231 ≡ ∆m2, |Ue3|2, and |Uµ3|2 (62)
and oscillation probabilities are all inter-dependent. This
is simply not the case in the two generation case. Fur-
thermore, in our model, we have
P (να → να) = P (να¯ → να¯), (63)
without the assumption of CP conservation.
We now proceed to analyze the data using the formulas
derived above. The data to be used in our analysis are as
follows: Bugey [18] νe → νx , CDHS, [19] and CCFR84
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[20] νµ → νx and BNL E776 [21], KARMEN [22] and
LSND [4] νµ → νe experiments.
First, from the disappearance (or survival) experi-
ments, we can find limits on the oscillation amplitudes
B’s as
B(νe → νe) <∼ B0(νe), (64)
B(νµ → νµ) <∼ B0(νµ),
where B0’s are obtained from the data for fixed values
of ∆m2 and are, in general, small numbers since no clear
disappearance of the initial neutrinos has been observed
as yet. Using Eq.(16), and solving it for |Uα3|2, we find
the following two bounds
Uα3 <∼
(1−
√
1 +B0(να))
2
: small, (65)
Uα3 >∼
(1 +
√
1−B0(να))
2
: close to one.
Therefore, there are four possibilities.
1. Region I. Small | Ue3 |2 and | Uµ3 |2,
2. RegionII. Small | Ue3 |2 and large | Uµ3 |2,
3. Region III. Large | Ue3 |2 and small | Uµ3 |,
4. Region IV. Large | Ue3 |2 and | Uµ3 |2,
where large means close to one but less than or equal to
one. First, it is obvious that the region IV is not allowed
simply because of the unitarity condition. The region III
is also excluded because with | Ue3 |2 obtained from the
oscillation data, the solar neutrinos are depleted by only
10 percents ,which is in sharp contrast to what has been
observed. Thus, we are left with two regions only. To
be more specific, in the model under consideration, the
survival probability of the solar neutrinos (νe) is given
by [13]
P (νe → νe) = (1− |Ue3|2)2P (1,2)(νe → νe) + |Ue3|4,
(66)
where P (1,2)(νe → νe) is the survival probability due to
the mixing between the first and the second generations.
If the parameter |Ue3|2 is large, we have, for all values
of the neutrino energy, P (νe → νe) >∼ 0.92, which is not
compatible with the results of the current solar neutrino
experiments. It is worth commenting that the case I is
consistent with the standard mass hierarchy
〈m(νe)〉 ≪ 〈m(νµ)〉 ≪ 〈m(ντ )〉, (67)
whereas the case II corresponds to an inverted hierarchy
〈m(νe)〉 ≪ 〈m(ντ )〉 ≪ 〈m(νµ)〉. (68)
Although it is quite unnatural, this possibility is not ex-
cluded in this analysis.
A. Region I
The region I is consistent with the standard mass hi-
erarchy of the effective masses of the weak eigenstates.
We will consider the limits on the oscillation amplitude
A(νµ → νe). If we simply take the negative results
of BNL E776 [21] and KARMEN [22] presented in the
two generation form, the limits on the oscillation ampli-
tude A(νµ → νe) would be the same as those obtained
in the two generation analysis. If the data are inter-
preted in this way, some part of the allowed region in the
∆m2 − sin2(2θ) plot obtained by the positive result of
the LSND experiment is not ruled out by the previous
negative results. However, as emphasized earlier, we can
find additional constraints on A(νµ → νe) since this os-
cillation channel is related to other oscillations such as
νµ → ντ and νe → ντ . For example, we have
A(νe → ντ ) = 4 |Ue3|2 |Uτ3|2 ≃ 4 |Ue3| , (69)
A(νµ → ντ ) = 4 |Uµ3|2 |Uτ3|2 ≃ 4 |Uµ3| .
In addition, we have
A(νµ → νe) = 4 |Ue3|2 |Uµ3|2 ≃ A(νe → ντ )A(νµ → ντ )
4
.
(70)
The above relations provide us with much more stringent
constraints on the A(νµ → νe) than the ones from direct
two generation analyses or disappearance data. Using
the negative results of the νe → ντ and νµ → ντ oscil-
lation experiments, we can obtain the forbidden region
in the ∆m2 − A(νµ → νe) plot which turns out to be
much wider than the simple two generation result and
the allowed region by the LSND experiment happens to
be well within this forbidden region. That is, the LSND
result is not consistent with the previous negative oscil-
lation experiments if the mass hierarchy is the standard
one.
B. Region II
This region can be a solution because of the quadratic
nature of the relation(16) in |Uαi|2. In this region, |Ue3|2
and |Uτ3|2 are small and |Uµ3|2 is close to one (but less
than or equal to one). This implies that the standard
mass hierarchy of effective weak eigenstate masses is in-
verted, i.e.,
〈m(νe)〉 ≪ 〈m(ντ )〉 ≪ 〈m(νµ)〉. (71)
First, as in the case of the Region I, we have direct
limits on A(νµ → νe) from the negative results of the
νµ → νe experiment of BNL E776 [21], which yields lim-
its on |Ue3|2 since in this case |Uµ3|2 is close to one. On
the other hand, the positive indication of the LSND ex-
periment sets the bounds
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A−(νµ → νe) ≤ A(νµ → νe) ≤ A+(νµ → νe), (72)
where A−(νµ → νe) and A+(νµ → νe) are, respectively,
the bounds for fixed values of ∆m2. The bounds on |Ue3|2
can be found from Eq.(26). Also, in this case we can find
the following relation
A(ντ → νe) = A(νµ → νe)A(νµ → ντ )/4 (73)
which shows that the oscillation νe → ντ is significantly
suppressed. In contrast to the previous case of the stan-
dard mass hierarchy, the A(νµ → νe) is not constrained
any further by other oscillation experiments. Therefore,
the LSND result is not in contradiction with the previous
experiments.
C. Neutrinoless β β Decay
We have shown above that in the framework of the
model with the mass hierarchy, the data on the terres-
trial oscillation experiments and the solar neutrinos in-
dicate that the mixing parameter |Ue3|2 is small. If mas-
sive neutrinos are indeed Majorana particles, this result
has important implications on (ββ)0ν decay experiments.
The Dirac and Majorana nature of neutrinos can best
be tested or answered in the experiment of neutrinoless
double beta decays. Even after heroic efforts by count-
less experimentalists, no such decay has so far been ob-
served. This process is possible only if neutrinos are Ma-
jorana. The Majorana neutrinos inherently violate the
lepton number by two units which is a necessary condi-
tion for neutrinoless double beta–decay process to occur.
Its rate is proportional to, in the absence of the right–
handed coulping, the square of an effective mass [1] [5]
[15] [16]
〈mν〉 = |
∑
i
U2eimiηi| (74)
where ηi = ±1 is the CP phase of the Majorana neutrino
νi. So far no (ββ)0ν decay has been observed, setting
limits on 〈mν〉 <∼ 1eV [15] [16] [17].
Because of the assumed mass hierarchy of the mass
eigenstates, we have, from Eq.(28),
〈mν〉 ≃ |Ue3|2m3 ≃ |Ue3|2
√
∆m2. (75)
In the Region I, both |Ue3|2 and |Uµ3|2 are small and
|Ue3|2 is constrained simply by the Bugey [18] experi-
ment alone for the interval of the experiment 10−1eV2 <∼
∆m2 <∼ 103 eV2. For example, for ∆m2 ≤ 5 eV2, we
have
〈mν〉 <∼ 10−1eV, (76)
which implies that we need the sensitivity of the next-
generation experiment on (ββ)0ν decay.
On the other hand, |Ue3|2 is severely constrained, in
the region II, by BNL E776 and LSND experiments. For
a wide range of ∆m2, we have
〈mν〉 <∼ 10−2eV, (77)
implying that if the Region II turns out to be the
right region, the observation of (ββ)0ν decay becomes
a formidable, if not impossible, task. We emphasize that
in this case the LSND results are not completely ruled
out by the previous oscillation experiments.
We can entertain some other possibilities in the mass
hierarchy besides the standard mass hierarchy assumed
here [14]. For example, we can assume
m1 ≪ m2 ≃ m3. (78)
This scheme was recently considered in [23]. In favor
of such a scheme, there are some cosmological argu-
ments and astrophysical arguments concerning the r-
process production of heavy elements in the neutrino-
heated ejecta of supernova. In this case, it can be shown
[14] that
〈m〉 ≃ m3. (79)
In this case, neutrinoless double beta decay experiments
can directly probe the mass of ν3.
VII. SOLAR AND ATMOSPHERIC NEUTRINOS
Perhaps, the most intriguing indication, at present, for
the massive neutrino comes from the solar neutrinos and
to lesser extent from the atmospheric neutrinos. The
all four solar neutrino experiments, Kamiokande [24] ,
GALLEX [25], SAGE [26] and Homestake [27], have seen
the deficit of the expected rates based on the so-called
standard solar model [28]. We list the latest experimental
results together with the predictions of the standard solar
model of Bahcall and Pinsonneault [28].
1. Kamiokande:
Φexpt =
(2.89± 0.2± 0.35)× 106
cm2sec
, (80)
Φtheor =
(6.62± 0.7)× 106
cm2sec
.
2. GALLEX, SAGE:
Σexpt = 74± 8 SNU, (81)
Σtheor = 132± 7 SNU.
3. Homestake:
Σexpt = 2.55± 0.25 SNU, (82)
Σtheor = 8.1± 1.0 SNU.
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We note that the amount of the deficit is different for dif-
ferent experiments. It has also been demonstrated that
the deficit is most prominent for the medium energy neu-
trinos which come mainly from the 7Be and CNO reac-
tions. This feature is almost impossible to explain away
with the changes in relevant parameters for the Sun.
Therefore, in addition to somewhat different amounts of
the deficit in the four experiments, one must explain the
disappearance of the medium energy neutrinos from the
Sun. This can be nicely done with the MSW effects [29].
The MSW effects are the results of a peculiar reso-
nance behavior of neutrinos in matter. When neutrinos
pass through a medium, they see a potential V due to
their coherent interactions with the particles in matter.
Since this potential is linearly proportional to GF , the
effects can be large if matter density is sufficiently large.
Neglecting the contribution from neutral current interac-
tions, which does not play any role in the discussion of
the MSW effect, the effective potential V induces an in-
crease (in the case of νe in the ordinary matter) of 2EνV
in the mass squared of mνe , which is m
2
1cos
2θ+m22sin
2θ
in vacuum. This is due to the fact that weak eigenstate
neutrinos see the effective potential, not the mass eigen-
states. As a consequence, the equation of motion of neu-
trinos in matter becomes Eq.(37) with Eq.(38) with the
one-one element replaced by a new matter value which
is m21cos
2θ + m22sin
2θ + 2EνV . Diagonalizing the ma-
trix in Eq.(38) with the above modification, one can find
how neutrino massess and mixing angles are effectively
modified in matter. Changes in them are such that when
certain resonance conditions among ∆m2 and the vac-
uum mixing angle are met and at the same time changes
in matter density are smooth, νe is very efficiently con-
verted into, in the case of two generations of neutrinos,
νµ. This is called the adiabatic process. If the change
in density is not smooth, the conversion is not very effi-
cient and called the non–adiabatic process. Whether the
process is adiabatic or not depends very crucially on the
neutrino energy. This is where the energy dependence
of the νe conversion probability comes in. We note here
that the above four experiments have different energy
thresholds ( GALLEX and SAGE have the same thresh-
old). If the solar neutrinos are depleted according to the
way the MSW effects are in operation, one can find two
possible sets of solutions for ∆m2 and sin2(2θ). One is
the small angle solution, the other being the large angle
solution. It is often said in the literature that the fit with
small angle is better but this conclusion is based on the
two generation analysis and the large angle solution is as
good as the small angle solution. In any case, we shall
discuss the small angle solution only in this article. The
90 percent C.L. solution of the all four experiments is
given by
∆m2 = m22 −m21 ≃ 10−5 (83)
sin2(2θ) ≃ 5× 10−3.
Assuming the standard mass hierarchy of m2 ≫ m1, the
above gives
m2 ≃ 3× 10−3eV, (84)
Identifying this mass with 0.09m2c/MR as given by
the quadratic seesaw mechanism (Eq.(27)) with SUSY
SU(5), we find MR ≃ 1011 GeV. Given MR, one finds
m1 ≃ 10−8 eV and m3 ≃ 10 eV.
The vacuum oscillation explanation of the solar neu-
trino puzzle is also possible but it is marginally success-
ful at present. In particular, the absence of the medium
energy solar neutrinos is non-trivial to explain with the
vacuum oscillation although it is not impossible. In gen-
eral, the vacuum oscillation solution yields smaller neu-
trino masses than those determined by the MSW effect
solution. For example, it gives m2 ≃ 10−5eV. There-
fore, the seesaw mechanism predictions for m1 and m2
are accordingly smaller.
The atmospheric neutrino problem has recently been
getting serious. The atmospheric neutrinos used to be
unwanted backgrounds for the proton decay experiments
but they themselves have become the subject of impor-
tant study. With an exception of the Frejus experiment,
Kamiokande, IMB, Soudan II and MACRO all see the
muon deficit. In order to reduce uncertainties coming
from those of calculations, it is customary to consider the
ratios of ratios, R ≡ (Nµ
Ne
)expt/(
Nµ
Ne
)theor, where Nµ(e) is
the number of muon (electron) events induced by νµ(νe).
The following is the summary of the recent experimental
results.
R(Kamioka) = 0.60± 0.06± 0.05 (85)
R(IMB) = 0.56± 0.04± 0.04
R(Soudan II) = 0.75± 0.16± 0.14
R(MACRO) = 0.73± 0.06± 0.12
R(Frejus) = 0.99± 0.13± 0.08.
Currently, the most popular interpretation of the
anomaly is that assuming the experiments (with an ex-
ception of Frejus) are right, νµ’s in the atmospheric neu-
trinos with the expected excess of a factor of two com-
pared to νe, are somehow being depleted on the way to
the detectors. This depletion can be attributed to the
oscillation of νµ into ντ . This conclusion is based on the
observation that while νe’s do not have enough length
(due to small ∆m2) to travel to oscillate into νµ or ντ ,
the distances for νµ to travel are just enough (due to
large ∆m2) so that νµ can oscillate partially into ντ . If
this interpretation turns out to be correct, the following
set of the parameters can explain the observed deficits
∆m23,2 ≡ m23 −m22 ≃ 10−2eV2 (86)
sin2(2θ) ≃ 1.
Again in the spirit of the mass hierarchy, it means that
m3 ≃ 10−1 eV. This is in contradiction with the LSND
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result( because the LSND gives ∆m22,1 ≃ 1eV, which im-
plies m2 ≃ eV ) and it also means that neutrinos can
not play a significant role as hot dark matter. One must
obviously wait for better data for the atmospheric neu-
trinos in order to draw a firm conclusion one way or
the other. We conclude by saying that the LSND issue
and the atmospheric neutrino problem can conclusively
be settled by planned long–baseline experiments such as
Fermilab to Soudan with L = 730 Km, CERN to Gran
Sasso with L = 720 Km and KEK to SuperKamiokande
with L = 250 Km. The region to be explored by these
long–baseline experiments in the ∆m2 − sin2(2θ) plot is
precisely the region relevant to the LSND and the atmo-
spheric neutrino issues.
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